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Abstract - The purpose of this note is to stimulate interest in the development of eficient 
solution methods for systems of linear algebraic equations and eigenvalue problems generated by 
the p-version of the finite element method. 
In conventional finite element computer programs the errors of discretization 
are controlled by letting the diameter of the largest finite element approach zero. 
Because element diameters are usually denoted by h, this approach is called the 
h-version of the finite element method. In the p-version of the finite element 
method the mesh is fixed. The accuracy of finite element solutions is controlled 
by increasing the polynomial degree of elements. In recent years it has been 
shown theoretically and illustrated by examples that errors of discretization are 
controlled most effectively by combining proper mesh design with increase of the 
polynomial degree of elements. This is called the hp-version. In this case the 
rate of convergence is exponential, idependently of the smoothness of the exact 
solution. For state-of-the-art reviews see [1,2]. 
In practical computations an initial mesh is designed and the polynomial de- 
gree of elements is increased. Based on the available information concerning the 
location of singular points and the expected strength of singularities, the mesh is 
graded so that the grading pattern is similar to the ideal grading pattern of the hp- 
version. The polynomial degree of elements typically ranges from 1 to 8. In future 
finite element programs p will undoubtedly go well beyond 8. Creation of sequences 
of finite element spaces by increasing p on fixed meshes is called p-extension. The 
sequence of solutions corresponding to p = 1,2,. . . provides information about the 
accuracy of the solutions and the quality of the mesh. Such feedback information 
is essential for error estimation and quality control. If necessary then the mesh is 
modified and the process is repeated. See for example [3,4]. 
The basis functions are hierarchic, that is basis functions of degree p constitute 
a subset of the basis functions of degree p + 1. For details see [5,6]. Therefore 
coefficient matrices, generated from hierarchic sequences of basis functions, are 
also hierarchic, that is the coefficient matrices (resp. right hand side vectors) 
corresponding to degree p are embedded in the coefficient matrices (resp. right 
hand side vectors) of degree p + 1. This is illustrated schematically in Fig. 1. The 
coefficient matrices are usually symmetric and positive definite. 
The size of the linear system depends on the finite element mesh and the poly- 
nomial degree. Assuming that all elements have the same polynomial degree and 
the mesh consists entirely of simplices, the number the linear equations N, prior 
to applying the constraints corresponding to the essential boundary conditions, is 
related to the mesh and the polynomial degree. In two dimensional problems: 
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Fig. 1. Schematic view of the hierarchic character of the linear system. 
where nf is the number of fields, ~vN is the number of nodes, us the number of 
sides and NT is the number of triangles. 
In three dimensional problems: 
N = nf NN + NE (P - 1) + ;NTF (P - 1) (p - 2) + f NTH (p - 1) (p - 2) (p - 3) 
I 
(2) 
where nf is the number of fields, NN is the number of nodes, No is the number of 
edges, NTF is the number of triangular faces and N TX is the number of tetrahedra. 
It us useful to distinguish among basis functions associated with nodes, edges, 
faces and elements. Respectively they are called vertex, edge, face and internal 
modes. The number of vertex modes is independent of p, the number of edge 
modes increases with p, the number of face modes increases with p3 and the number 
of internal modes increases with p 3. Internal modes are nonzero over one element 
only and therefore can be eliminated at the element level. This operation is ideally 
suited for parallel computation. Face modes are nonzero over at most two elements, 
therefore also lend themselves well to parallel computation. Vertex and edge modes 
can be nonzero over many elements but typically the number of elements over 
which edge modes are nonzero is four and the number of elements over which 
vertex modes are nonzero is eight. 
There is a very substantial demand for solving three dimensional problems 
consisting of many thousands of elements. Although we can now achieve exponen- 
tial rates of convergence, and there is very rapid growth in computational power, 
in the foreseeable future there will be increasing demand for solving problems large 
enough to tax state-of-the-art hardware systems to their limit. It is very impor- 
tant to have highly efficient solvers which exploit not only the sparsity but also 
the hierarchic structure of linear systems generated by p-extension. Selection of a 
particular solver will depend on the size of the problem; the number of right hand 
side vectors, which in practical problems is generally between one and about 20, 
and the available computer system. 
In existing p-version computer programs the algebraic equations are solved by 
Gaussian elimination. Clearly, for large systems optimal ordering of operations 
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is very important. Elimination of internal modes first, face modes second, edge 
modes third and vertex modes last appears to be the most logical approach. This 
is exactly in the spirit of the nested dissection algorithm [7]. As already noted, 
elimination of internal and face modes is well suited for parallel computation. 
For very large linear problems, and all nonlinear problems, efficient iterative 
solution methods will be necessary. At present very little is known about how iter- 
ative methods should be implemented for the p-version. The hierarchic structure 
of the equations suggest the possibility that a hybrid solver, that is a solver which 
uses direct methods in the low p-range and iterative methods in the high p-range, 
might work well. Possibly, decomposition in the low p range might serve as a 
basis for the construction of preconditioners for the conjugate gradient method. 
Another approach may be based on iterative schemes similar to the multi-grid 
method. 
The hierarchic structure of the positive definite matrices A and B in the gen- 
eralized eigenvalue problem AX = XBZ also offers new challenges and opportunities 
for research. 
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